The nonlinear Schrödinger equation (NLS) is a canonical evolution equation, which describes the dynamics of weakly nonlinear wave packets in time and space in a wide range of physical media, such as nonlinear optics, cold gases, plasmas and hydrodynamics. Due to its integrability, the NLS provides families of exact solutions describing the dynamics of localised structures which can be observed experimentally in applicable nonlinear and dispersive media of interest. Depending on the co-ordinate of wave propagation, it is known that the NLS can be either expressed as a space-or time-evolution equation. Here, we discuss and examine in detail the limitation of the first-order asymptotic equivalence between these forms of the water wave NLS. In particular, we show that the the equivalence fails for specific periodic solutions. We will also emphasise the impact of the studies on application in geophysics and ocean engineering. We expect the results to stimulate similar studies for higher-order weakly nonlinear evolution equations and motivate numerical as well as experimental studies in nonlinear dispersive media.
Introduction
The theory of weakly nonlinear water waves has been found to be very useful for the modelling of ocean waves [1] [2] [3] . In finite and infinite water depth, the nonlinear Schrödinger equation (NLS) is the simplest evolution equation of this kind that takes into account dispersion and nonlinearity. Being an integrable equation, the NLS provides exact analytical solutions that describe the evolution of localised structures on the water surface in time and space, thus allowing subsequently the study and understanding of the dynamics of fundamental localised structures. The validity of the NLS has been experimentally confirmed even in the modelling of extreme localisations, beyond its well-known asymptotic limitations [4] [5] [6] [7] [8] , and due to its interdisciplinary character analogies being able to be built into other nonlinear dispersive media, such as in optics [9] , a research field in which several NLS applications have found strong interest [9] [10] [11] [12] [13] [14] . Furthermore, the NLS admits basic models for the description of oceanic extreme events known as breathers [15] [16] [17] . Indeed, the family of Akhmediev breathers (ABs) [18] and Peregrine breathers [18, 19] are strongly connected to the modulation instability (MI), also known as Benjamin-Feir instability [20] , of Stokes waves [21] . In fact, the experimental investigation of exact solutions of the NLS, either numerically or in water wave facilities, has increased the degree of understanding of nonlinear and unstable water waves, as well as allowing the characterisation of the limitations of weakly nonlinear hydrodynamic models [8] . The choice of choosing the NLS representation of wave evolution in either time or space depends on the type of investigation, that is, depending on the space or time evolution coordinate of interest.
Here, we investigate the asymptotic equivalence of both possible evolution expressions of the NLS within the context of exact solutions, ranging from stationary localised to pulsating and unstable envelopes. We show that, for a particular family of periodic solutions, such as it is the case for ABs, the latter equivalence is not valid. A detailed analysis of this feature, and its consequences and potential applications, will be discussed.
Analysis
We will first discuss the general propagation of wave packets with respect to either the space-or time-NLS, describing the asymptotic equivalence or otherwise, illustrating the mismatch of the localised wave propagation of exact NLS solutions, dimensionalized to satisfy both forms of the NLS in the spatio-temporal physical plane.
The Propagation of Wave Packets in Time and Space
In deep water, the spatio-temporal surface elevation ζ(x, t) is given by, at leading order, as one of the two expressions,
Here, c. c. denotes the complex conjugate, and A(x, t), B(x, t) are complex wave amplitudes of O(α) that are slowly varying relative to the phase ϑ = kx − ωt. The omitted terms are O(α 2 ), and the derivatives of A, B are also O(α 2 ). Later, we shall insert the small parameter α explicitly. The wave frequency ω and wavenumber k are related through the linear dispersion relation ω = gk, where g denotes the gravitational acceleration. At the leading order in a weakly nonlinear asymptotic expansion, A satisfies the "space-NLS" equation [22] :
appropriate for an initial-value problem, which is set to be
For a hydrodynamic wavemaker problem, B satisfies the "time-NLS" equation [2] :
At the wavemaker, we impose the boundary condition
The "space-NLS" Equation ( (3) and (5) is A 0 (x − c g t), and the solution of Equations (6) and (8) is B 0 (t − x/c g ), since these must agree at this leading order,
Each of these distinct NLS equations can be cast into the same canonical form. Thus, in case A, we set
where * denotes the complex conjugate. Then, Equation (3) takes the canonical form, in non-dimensional variables,
On the other hand, in case B, we set
It is useful to note that Ω/c g = k/2. The outcome is again the canonical NLS Equation (12). The transformations are identical, except that, in case A, T transforms to t but in case B, T transforms to x. This difference may be significant as we now show. Each solution Q(X, T) of the canonical Equation (12) generates a corresponding solution of either Equation (3) through the transformation Equation (10), or Equation (6) through the transformation Equation (13) . The corresponding initial-value problem Equation (9) or wavemaker condition Equation (8) is obtained by putting T = 0 in each case. Although the outcome is different, one might expect that, nevertheless, the solutions in each case will be asymptotically equivalent.
This is the issue that we will now explore. It is important to note that for any solution Q(X, T) of Equation (12), then αQ(αx, α 2 t) is also a solution for any real parameter α > 0. We shall take solutions of Equation (12) in this form so that the small parameter α is explicitly displayed. Then, asymptotic equivalence is expected in the limit when the amplitude parameter α → 0. Thus, each solution of Equation (12) generates a solution of the "space-NLS" Equation (3) or the "time-NLS" Equation (6),
where α is the wave steepness. These clearly agree at the leading order, being identical in the dependence on the dominant phase variable x − c g t. However, they differ in the slow t and x dependence, and are in general only asymptotically equivalent when x − c g t = O(α). That is apparently only when the solutions are localised around the phase line x = c g t. In practice, solutions are used for small, but finite non-zero α and an asymptotic equivalence in the two types of NLS dynamics is expected. Next, we will discuss analytically the significant differences that will arise due to the two different dimensional transformations, especially for solutions which have a particular localisation. A detailed description of this latter fact will be discussed and illustrated in the next section with several specific examples.
The Evolution of Specific NLS Solutions
We will now discuss this equivalence or otherwise within the framework of some exact NLS solutions [15] . First, we consider the fundamental and stationary envelope soliton solution [23] :
This is a family of solutions with the single parameter being the amplitude α. Using the transformations Equations (14) or (15), respectively, we obtain the following two possible dimensional forms of this localised structure:
Note again that α is the wave steepness and that ω/c g = 2k. These solutions differ only in the chirp factor, which, in case A, is a nonlinear frequency correction ∆ω = −α 2 ω/4 to the linear frequency ω, and, in case B, is a nonlinear wavenumber correction ∆k = α 2 ω/4c g to the linear wavenumber k. However, these are asymptotically equivalent as from the linear dispersion relation ∆ω + c g ∆k = 0. The spatio-temporal dynamics of the respective solutions A, B from Equations (17) and (18) are plotted in Figure 1 . Second, we consider the doubly-localised Peregrine breather [19] :
Again, using the transformations (14) or (15) , respectively, we obtain
Although these solutions are different both in the amplitude and in the chirp factor, they are asymptotically equivalent in the limit α → 0, as when x − c g t = O(α), they are almost identical, and agree completely to within terms of O(α 4 ). Importantly, the solutions are localised along x = c g t. The respective solutions A, B from Equations (20) and (21) are depicted in Figure 2 . Next, we consider the periodic Kuznetsov-Ma breather [24, 25] 
where Λ = 2 sinh (2ϕ), p = 2 sinh (ϕ) and ϕ is a real-valued parameter. This is localised in X and periodic in T. After applying the transformations Equations (14) or (15) , respectively, it becomes
Although formally different, each is localized in x − c g t and periodic in t, x, respectively. They are then asymptotically equivalent in the limit α → 0, as when x − c g t = O(α), they are almost identical, and also agree completely to within terms of O(α 4 ). The respective forms of the solutions A, B from Equations (26) and (27) are plotted in Figure 3 . Finally, we consider the family of Akhmediev breathers (ABs) [18, 26] 
where Λ = 2 sin (2ϕ), p = 2 sin (ϕ) and ϕ is a real-valued parameter. This is periodic in X and localized in T. After transformation, as above, it becomes
Now, the case A and case B solutions are quite different. The respective solutions A, B from Equations (26) and (27) are plotted in Figure 4 . The explanation is that while both the A, B breathers are periodic in x − c g t, the A-breather is localized in t and the B-breather is localized in x. Hence, it is no longer possible to follow the solutions along the path where x − c g t = O(α), and, therefore, establish asymptotic equivalence. Although, formally, the two solutions agree when α → 0, there is a persistent difference for small but finite α. We conclude that these two breathers are two distinct solutions in the physical space. This is reinforced by noting that to observe an A-breather in a wave tank, one should record a time series at a fixed location, but to observe a B-breather, this will not reveal the breather motion at the wavemaker x = 0, and, instead, one should take a snapshot at a fixed time and vice versa [27] . This fact is illustrated at the expected maximal breather focusing at x = 0 in Figure 5 . Note that the evolution of the ABs for the A case have been reported in [28] . In the latter work, the boundary conditions, applied to the wave maker, define a gradual amplification of the periodic AB-type wave field. The boundary conditions, with respect to the case B, correspond to a slight homogeneous periodic perturbation of the constant background. The case B has been measured in [29, 30] . We also would like to point out that the classical MI problem [20, 31] , starting from a three wave system, can be only described by ABs of case B. The temporal spectra of the case A when very large positive and negative time scales are considered would almost remain stationary, when the wave train is evolving in space.
Discussion and Conclusions
To conclude, we have discussed the asymptotic equivalence of localised structures within the framework of either the space-or the time-NLS. The choice of one of these two configurations of the NLS depends on whether one is interested in integrating the evolution of wave packets in time (as for numerical simulations), or in space (as for experimental purposes by tracking the evolution of waves along a water wave facility). We have the validity of this equivalence or otherwise by means of some exact solutions of the NLS. When the solutions exhibit a symmetry in the space coordinate with respect to Equation (12), as it is the case for Akhmediev breathers (ABs), the equivalence fails. Thus, it is physically possible to generate two types of AB solutions. This may be significant for applications. Indeed, breathers are nowadays used for several types of ocean engineering applications [32, 33] . Generating ABs in a wave flume with respect to the space NLS allows for successive but progressive rogue waves gaining in amplitude with each impact at a fixed position, whereas with respect to the time-NLS, the solution would generate several extreme waves with similar envelope amplitudes in time, having different wave phases (and, therefore, different velocity fields), at the same position. When placing a model ship or offshore structure at the position of expected maximal AB compression, one could either study the wave impact related to progressive extreme events in the first case or to several rogue waves with similar significant heights in the second case. Indeed, it is known that deviations with respect to NLS dynamics are expected in an experiment, when the steepness of the carrier and the breather amplitude amplification are significant [8, 34, 35] . In fact, higher-order evolution equations such as the modified NLS [36] [37] [38] , also known as Dysthe equations, or others [39] [40] [41] provide an accurate correction and a better prediction of the amplified wave field. These discrepancies with respect to NLS dynamics have an influence in the decay dynamics of the breathers after reaching the saturation point and a recurrence, referred to as Fermi-Pasta Ulam recurrence, is expected to occur [10, 31, [42] [43] [44] . We have also discussed the fact that, when considering the limiting case of infinite modulation period, which corresponds to the case of a Peregrine breather, both evolution dynamical forms become identical again in the dimensional spatio-temporal plane. We also expect these results to stimulate studies and applications in other nonlinear media such as in optics, Bose-Einstein Condensates, plasma and solids.
